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1.  INTRODUCTION.  The  Toda  Lattice  appeared  originally  [1] 
as  a  mechanical  system  of  particles  on  the  line  governed  by  a 
certain  type  of  nearest  neighbor  interaction.  With  the  work  of 
Flaschka  [2],  the  relation  with  Lie  group  theory,  particularly 
earlier  work  by  Arnold  [3]  on  the  rotating  rigid  body  and  its 
generalizations,  came  into  the  foreground;  this  relation  has  been 
extensively  developed  since,  most  notably  in  recent  work  by 
Kostant;  Olshanetsky  and  Perelomov;  Khazdan,  Kostant  and  Stern¬ 
berg;  and  others.  In  these  approaches,  the  generalizations  of 
the  Toda  Lattice  are  developed  in  terms  of  the  natural  symplectic 
structure  on  the  cotangent  bundle  of  a  Lie  group. 

Now,  our  present-day  notion  of  "symplectic  structure"  has  its 
roots  in  El i e  Cartan's  book  "leaons  eur  lea  invariant  integraux. " 
The  central  notion  here  was  that  of  Cauahy  characteristic  of  one 
or  more  differential  forms.  A  more  definitive  version  of  this 
concept  was  given  in  Cartan's  later  book  "Lee  systemes  differ - 
entiablle8  exterieures  et  leurs  applications  geometriques."  I 
have  set  myself  the  task  of  developing  Cartan's  beautiful  Ideas 
in  the  context  of  contemporary  mechanics  and  physics  [8],  In 
this  paper  I  want  to  Indicate  how  the  work  cited  above  (and  some 
of  my  own [5])  may  be  viewed  in  a  Cartanlan  framework.  In  addi¬ 
tion  to  the  obvious  advantage  of  geometric  unification,  for  Its 
own  sake,  I  believe  that  certain  models  with  Interesting 
1 
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properties  might  turn  up  later  when  this  analysis  is  pushed 
further. 

First,  let  us  review  Cartan's  Ideas,  using  the  standard  nota¬ 
tions  of  differential  geometry  on  manifolds  [  ].  Let  M  be  a 
manifold.  D(M)  denotes  the  graded  associative  algebra  of  dif¬ 
ferential  forms  on  M.  d  denotes  exterior  derivati ve.*-  An 
exterior  differential  system,  E,  is  an  ideal  of  D(Mf‘ '-which 
is  closed  under  d.  Given  such  an  E,  the  vector  .fields  V  on 
M  such  that 

1  ( V) ( E )  c  E  (1.1) 

are  said  to  be  Cauchy  characteristic  for  E.  (i(V)  denotes  the 
operation  of  contraction  with  respect  to  the  vector  field  V.) 
The  set  of  all  these  vector  fields  defines  a  foliation  for  M. 
(We  shall  suppose  that  the  foliation  is  non-singular  in  the 
sense  that  its  dimension  Is  constant  at  each  point  of  M.)  If 
the  foliation  Is  regular,  i.e.  if  a  quotient  map  it:  M  -*  H* 
exists  whose  fibers  are  the  leaves  of  the  foliation  and  such 
that  M1  is  a  manifold,  then  the  system  E  lives  on  M',  In 
the  sense  that  there  Is  an  exterior  differential  system  E'  on 
M'  such  that: 

E  is  generated  by  ir*(E’)  . 

Many  applied  problems  involve  determining  something  about  the 
Cauchy  characteristic  foliation  and  the  quotient  space  M'.  In 
problems  deriving  from  mechanics  and  the  calculus  of  variations, 
E  Is  generated  by  a  2-dlfferentlal  form  u  such  that: 

du>  ■  0  . 

In  this  case,  It  is  readily  seen  that  there  Is  a  2-dlfferentlal 
form  u)’  on  M*  such  that: 

■*  dm'  *  0  and  u  =  tt*(u)')  , 

E'  Is  generated  by  w'.  Since  ui'  has  no  characteristics  vec¬ 
tors,  It  defines  M'  as  a  symplectic  manifold.  Thus  we  see 
that  Cartan's  approach  suggests  a  different  Insight  than  that  of 
other  recent  work  on  geometrical  mechanics;  it  is  not  the  mani¬ 
fold  on  which  the  equations  of  motion  are  Initially  defined  that 
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admits  the  symplectic  structure,  but  the  set  of  all  trajectories. 
Of  course,  two  forms  u  and  uij  could  have  the  same  Cauchy 
characteristic  foliation,  thus  providing  two  symplectic  struc¬ 
tures  on  the  trajectories. 

One  obtains  the  more  traditional  equations  of  mechanics  and 
the  calculus  of  variations  by  choosing  certain  local  canonical 
forms  for  the  2-dlfferential  form  w.  Typically,  these  involve 
natural  coordinate  systems  on  the  tangent  and  cotangent  bundles 
to  configuration  manifolds  Q.  However,  another  feature  of  Car- 
tan's  work  is  what  he  called  the  method  of  the  moving  frane, 
i.e.  the  choice  of  bases  of  1  -di f ferenti al  forms  which  are  not 
the  differentials  of  coordinates  but  which  are  better  adapted  to 
expressing  the  natural  geometric  properties  of  the  situation. 

In  this  paper  I  will  essentially  be  adapting  this  “moving  frame" 
approach  to  the  study  of  the  generalized  Toda  Lattices.  I  will 
start  off  by  assuming  that  ui  has  a  certain  form  in  terms  of 
certain  moving  frames  for  H.  Certain  general  equations  will  be 
obtained.  In  order  to  understand  these  equations,  I  will  then 
specialize  to  the  situation  of  the  work  cited  above  (where  M 
is  a  submanifold  of  the  cotangent  bundle  to  a  Lie  group).  I 
hope  to  present  an  analysis  of  other  situations  in  a  later  work. 

2.  CAUCHY  CHARACTERISTICS  OF  CLOSED  2-DIFFERENTIAL  FORMS. 
First,  we  shall  review  certain  differential-geometric  funda¬ 
mentals  [8],  Let  M  be  a  manifold,  and  let  u  be  a  closed 
2-differential  form  on  M.  If  v  €  T(M)  is  a  tangent  vector  to 
M  at  a  point  p  E  H,  the  inner  product  or  contraction  of  o 
by  v  is  denoted  as  1(v)(w);  it  is  a  1-covector  at  p,  i.e. 
ag^element  of  the  dual  space  to  the  tangent  space  to  M  at  p. 
Similarly,  if  V  Is  a  vector  field  on  M,  i ( V) (to)  Is  defined 
as  a  1 -differential  form  on  M. 

DEFINITION.  A  tangent  vector  v  €  T(M)  io  paid  to  be  Cauchy 
characteristic  for  u  if  1(V)(ui)  =  0.  Similarly ,  a  tangent 
vector  field  V  to  paid  to  be  Cauchy  characteristic  if 

KV)(u)  •  0. 
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In  this  paper  we  shall  work  with  a  special  choice  of  the  manl 
fold  M  and  the  closed  2-dlfferentlal  form.  Namely,  suppose 
that  we  are  given  the  following  data: 

A  vector  space  X  and  a  manifold  Y,  such  that 
M  -  X  x  Y. 

An  absolute  parallelism  on  Y  defined  by  a  basis  0a, 

Isa,  b  s  m,  of  1 -differential  forms  on  Y. 

A  basis  Xj,  1  s  1 ,  j  s  n, 

of  the  linear  functions  on  X. 

Adopt  the  summation  convention  on  the  Indices  given  above. 

In  addition,  suppose  that  m>n;  Introduce  the  following  addi¬ 
tional  indices  and  the  summation  convention  on  these  Indices: 

n  +  1  S  u,  v  S  m. 

Let  f?c  be  the  structure  functions  of  the  absolute  parallelism 
1e.,  the  functions  on  Y  such  that: 

d0a  *  fbc0b  A  ®C  ' 

Let  G  be  the  automorphism  group  of  the  absolute  parallelism, 
l.e.  the  group  of  dlffeomorphlsm  g:Y  -♦  Y  such  that: 

g*(ea)  -  6a  . 

It  is  known  that  G  Is  a  Lie  group  and  that  It  acts  simply  on 
Y,  l.e.  the  orbits  of  G  can  be  Identified  with  G  Itself.  We 
shall  suppose  that  the  orbit  space 

Z  =  G\Y 

Is  a  manifold  and  that  the  quotient  map  Y  -•  Z  Is  a  submanifold 
map.  The  Structure  functions  f^  are  constant  on  the  orbits 
of  G,  hence  are  pull-backs  under  the  quotient  map  of  functions 
on  Z.  We  shall  make  no  notatlonal  distinction  between  these 
functions. 

Now,  set: 

u  *  d(XjQ^)  . 
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Let  us  now  compute  the  Cauchy  characteristic  vectors  of  w, 
using  the  relations  given  above. 

u)  ■  dx^  A  9^  +  x^de1 


Our  job  Is  to  put  the  differential  form  w  into  its  algebraic 
canonical  form.  To  do  this,  note  that 

u>  =  (dxj  -  Xjfa1^ea)  A  01 

+  *ifjv  °U  A  eV- 


Set: 


«i  =  dx.  -  Xjf^e3 

«■»'  =  xlfiv  qU  a  0V  • 


Then,  we  have  the  definitive  formula: 

id  =  a.j  A  0^  +  uj'  ,  (2.1) 

where  the  differential  forms  on  the  right  hand  side  of  2.1  are 
linearly  independent.  Thus  we  have  proved  the  following  result: 


THEOREM  2.1.  Tkc  Cauchy  characteristic  vector  fields  V  of 
u  satisfy  the  following  equation: 

o  -  MVK^)  -  Uv)(-1) 

--  1(V>(«')  (2.2) 


COROLLARY.  The  dimension  of  the  Cauchy  characteristic  tangent 
vectors  to  u>  is  equal  to  the  dimension  of  the  Cauchy  character¬ 
istic  tangent  vectors  to  w'. 

Ue  can  now  work  out  the  equations  for  the  Cauchy  characteris¬ 
tic  vector  .field  V  defined  by  relation  (2.2)  in  more  detail. 
First,  let  us  work  with  the  second  relation  on  the  right  hand 
side  of  (2.2).  Suppose  that  we  Impose  the  following  relations: 

eu(V)  -  hu  (2.3) 

where  the  hu  are  functions  of  the  x's  and  the  f's.  They  must 
then  satisfy  the  following  condition: 
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XjfJy  «  O  (2.4) 

With  this  choice  for  these  functions,  we  see  that  V  is  com¬ 
pletely  determined  by  the  first  part  of  relations  2.2: 

e1  ( v)  -  o  , 

V(Xi )  =  XjfjJj  0U(V) 

■  *ii< n"  <«> 

Here  Is  an  important  geometric  property  of  the  Cauchy  charac¬ 
teristic  vector  fields  of  this  form  which  is  proved  by  the  rela¬ 
tions  described  above: 

THEOREM  2.2.  Ut  V  be  a  Couch],  chariot  oris-1  io  vector  field 
of  u  given  by  relations  2. 3-. 5.  he t  : M  -*  X  *  Z  bn  the  nay 
which  sends  the.  point  (x,y)  €  X  x  Y  -  M  into  ( x ,z ) ,  where  z 
io  the  orbit  of  G  acting  on  Y  which  contains  the  point,  y. 
Then ,  the  vector  fielti  V  projects  into  1  *  1,  i.e.  there  is 
a  vector  field  V'  on  X  x  Z  such  that  |>  sends  each  orbit- 
curve  of  V  into  an  orbit  curve  of  V'. 

In  practice,  we  often  start  off  with  V'  and  construct  V. 
Notice  that  It  is  essentially  this  construction  which  defines 
the  symplectic  structure  for  the  orbit  curves  of  V';  the  situa¬ 
tion  Is  simplest  in  case  Z  reduces  to  a  point,  i.e.  in  case 
the  f's  are  constants.  This  means  that  Y  is  equal  to  the 
Lie  group  G  Itself,  with  G  acting  by  left  translation.  In 
this  case,  we  shall  see  that  the  equations  for  the  orbit  curves 
of  J /.'  are  the  differential  equations  for  the  Toda  Lattices  and 
their,  generalizations. 

3.  SPECIALIZATION  TO  THE  ABSOLUTE  PARALLELISM  DEFINED  BY  THE 
LEFT  INVARIANT  DIFFERENTIAL  FORMS  ON  A  LIE  GROUP.  Let  us  now 
apply  this  Theorem  2.1  to  the  case  that  the  ea  are  the  left- 
invariant  Cartan-Maurer  forms  for  a  Lie  group  G,  and  the  xs 

a 
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are  the  dual  linear  coordinates  for  the  dual  vector  space  G ^ 
of  the  Lie  algebra  of  G.  Consider  X  as  *  G,  where  ,/  Is 
the  linear  subspace  of  G^  defined  by  the  relations  x^  -  0. 
Let  be  the  orthogonal  complement  of  '/  in  G  . 

THEOREM  3.1.  At  a  point  X  of  // ,  the  dimension  of  the 
Cauchy  characteristic  vectors  of  the  2-differcntial  fom  •  is 
equal  to  the  dimension  of  the  characteristic  nubopaac  of 'the 
skew-symmetric  bilincen •  form 

on  ff'.  An  clement  Jj  €  is  Cauchy  characteristic  for 

the  form  w'  at  x  iff  the  following  condition  is  satisfied: 

coAdJj (x)  CjT  (3.1) 

REMARK.  coAd  means  the  dual  of  the  adjoint  representation 
of  the  Lie  algebra  G  >  l.e. 

coAd(A)(x)(B)  =  -x([A,B]) 
for  x  €  0  ;  A.B  C  G  . 

4.  FLASCHKA  VECTOR  FIELDS  ON  VECTOR  SPACES.  The  conditions 
found  for  Cauchy  characteristic  vector  fields  in  previous  sec¬ 
tions  are  sufficiently  interesting  and  important  that  it  is 
worth  our  while  to  pause  and  make  some  general  definitions.  Let 
G  be  a  real  Lie  algebra.  Let  Gd  be  its  dual  space.  Let  X 
be  a  linear  subspace  of  G^.  Let  X*  be  the  orthogonal  comple¬ 
ment  of  X  In  G  ,  l.e.  the  set  of  elements  A  €  G  such  the 
X(A)  -  0. 

DEFINITION.  A  Flaachka  map  for  the  vector  space  X  is  a  map 
F:X  -*  X‘  such  that  the  following  condition  is  satisfied: 

coAd(F(x))(x)  €  X 


(4.1) 
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With  condition  (4.1)  satlsifed,  we  can  define  a  vector  field  V' 
on  X  considered  as  a  manifold.  Since  X  is  a  vector  spacp, 
a  vector  field  is  just  a  map  X  -♦  X.  I.et  us  then  set: 

V ' (x)  -  coAd(F(x) )(>.)  (4.2) 

for  all  x  €  X. 

Condition  (4.1)  of  course  is  precisely  that  which  guarantees 
that  V1  defined  by  formula  (4,2)  is  indeed  a  well-defined  vec¬ 
tor  field  on  X.  We  Shall  call  V'  a  Flan  ;u  ..•£<>/•  field, 
since  Flaschka's  work  on  the  Toda  Lattice  fits  into  this  frame¬ 
work  very  naturally. 

The  orbit  curves  of  the  vector  fields  V'  are  then  the  solu¬ 
tions  t  -♦  x(t)  of  the  following  differential  equations: 

dx/dt  *  coAd(F(x(t))(x(t))  (4.3) 

Conversely,  if  we  start  off  with  the  nonlinear  differential  equa¬ 
tions  4.3  (which  would  be  the  normal  thing  to  do)  we  would  have 
the  following  properties: 

THEOREM  4.1.  Consider  the  system  of  orihtury  r'ffrcntial 
equations  defined  by  relatione  4.3,  mho  re  f  in  t  Fhutohka  trap , 
as  defined  above.  Construct  the  mnifolti  M  ao  X  *  G,  and 
construct  the  2-differential  form  w  on  M  ,is  in  the  previous 
section.  Then,  the  solution  curves  of  equation  4.3  are  the 
projection  in  X  of  Cauchy  characteristic  eurcej  of  u.  In 
particular,  this  imposes  in  a  natural  may  a  syrpleetic  structure 
on  the  space  of  solutions  of  4.3. 

So  far  we  have  been  working  with  an  arbitrary  Lie  algebra  'fi. 
For  at  reductive  Lie  algebra,  l.e.  one  for  which  •£  and  are 
natura.lly  isomorphic,  the  formulas  can  he  readily  recast  so  as 
to  be  closer  to  those  in  the  applied  mathematics  literature. 

5.  THE  FLASCHKA  MAPS  AND  VECTOR  FIELDS  FOR  REDUCTIVE  LIE 
ALGEBRAS.  Let  us  now  make  the  assumption  that  there  is  a  non¬ 
degenerate  symmetric  bilinear  form  .xf  on  the  (finite  dimensional) 
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Lie  algebra  'G  which  is  invariant  under  the  adjoint  represcnta- 
of  '0  on  itself.  ,t1  sets  up  an  isomorphism  between  T,  and  its 
dual  space  'G^.  Let  '/  be  a  linear  subspace  of  'S^\  under  this 
identification  of  S5**  with  ’6,  is  identified  with  a  linear 
subspace  of  'G.  The  orthogonal  subspace  that  we  denoted  as 
Is  then  identified  with  the  orthogonal  complement  of  /-with 
respect  to  the  form  .*?,  i.e.  v 

f  -  (A  £,/:#( A,,/)  =  0} 

A  Flaschka  map  is  then  a  map 

b:s  -  ,r 

such  that  the  vector  field 

V  ( A)  =  [B(S).A] 

is  tangent  to 

Here  are  some  ways  of  constructing  such  maps. 

6.  EULER-ARNOLD  VECTOR  FIELDS  ON  LIE  ALGEBRAS.  In  this  sec¬ 
tion  we  shall  review  certain  methods  by  means  of  which  differen¬ 
tial  equations  may  be  defined  which  have  some  of  the  properties 
suggested  by  the  classical  rotating  rigid  body  and  the  recent 
work  on  Toda  Lattices.  These  differential  equations  are  essen¬ 
tially  defined  by  means  of  certain  types  of  vector  fields  on  Lie 
algebras. 

Let  (G  be  a  Lie  algebra.  Since  T,  is  Itself  a  vector  space, 
a  vector  field  (in  the  sense  of  manifold  theory)  is  a  map 
Vi'G-*'G.  The  orbits  or  integral  curves  of  such  a  vector  field 
are  the  curves  t  -♦  A(t)  in  S 5  such  that 

^  dA/dt  *  V(A(t) )  .  (6.1) 

Such  a  vector  field  will  be  said  to  be  of  Eulcr-Amohl  typo 
if  it  is  of  the  following  form 

V( A)  =  [B(A),A]  (6.2) 

where  B  is  some  map  from  <0  to  'G. 
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In  [5]  I  have  shown  how  the  construction  of  such  .1  il  and 
V  given  In  the  original  flaschka  work  on  the  Tod.i  Lattice  may 
toe  describes  in  terns  of  certain  trgraciv.  :;r.-  .1  >:r..cti.res 
on  Lie  algebras.  Here  Is  a  more  systematic  study  of  this  mater¬ 
ial. 


7.  JACOBI  TRIPLES  OF  LIE  ALGEBRAS.  Let  T,  be  a  real  Lie 
algebra.  A  triple  (S0  +  ,  'G~)  of  linear  subspaces  of  '/}  is 

said  to  defined  a  Jacobi  triple  If  the  following  conditions  are 
satl sfied: 

[«°.«°]c  «° 

c  «  +  *'  *7,1) 

The  linear  subspace 

/  =  0+  +  0"  +  0° 

spanned  by  these  three  subspaces  Is  called  the  Jacobi,  oubopaae 
of  0  associated  with  the  Jacobi  triple. 

EXAMPLE.  Jacobi  Matrices.  Let  V  be  a  vector  space  and  let 
Vj,...,Vn  be  linear  subspaces  of  V.  Let.  0  be  the  Lie  algebra 
(under  commutator)  of  linear  maps  V  -♦  V.  Set: 

«°  *  (A  €  «  :  AfV^  cVr  i  =  1 . nl 

3+*'  =  (A  e«  :  A(Vi)  c  Vi+>_r  1  =  1 . n) 

(Thus  0+,“  are  the  shift  up  and  shift  down  operators.)  It  is 
obvious  that  the  commutation  relations  7.1  are  satisfied.  If  the 
Vi,...,V„  are  one  dimensional  linearly  independent  subspaces 

I  il\ 

which  span  V,  and  If  a  basis  Is  chosen  for  V  consisting  of 
vectors  from  these  subspaces,  It  Is  clear  that  the  operators  in 
are  represented  by  classical  Jacobi  matrices,  i.e.  nxn 
matrices  with  non-zero  entries  only  on  the  diagonal,  sub,  and 
super  diagonal  lines.  It  Is  the  point  of  view  developed  In  [5] 
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that  the  corresponding  gradation  of  ®  gives  rise  to  the  Toda 
Lattice  phenomenon. 

8.  SIMPLE  ROOT  SYSTEMS  FOR  SIMPLE  LIE  ALGEBRAS  AND  JACOBI 
TRIPLES.  It  Is  known  that  the  Toda  Lattice  models  are  closely 
related  to  the  algebraic  properties  of  Lie  algebras,  particularly 
the  properties  of  the  simple  root  systems  of  semisimple.  Lie  alge¬ 
bra.  In  this  section  I  will  show  how  the  simple  root  systems 
generate  Jacobi  triples. 

Let  'G  be  a  finite  dimensional  simple  Lie  algebra.  For  the 
moment,  assume  that  the  field  of  sealers  is  the  complex  numbers. 
We  shall  return  to  the  case  of  the  real  numbers  later  on.  It 
will  of  course  be  assumed  that  the  reader  knows  basic  semisimple 
Lie  algebra  theory. 

Let  V  be  a  Cartan  subalgebra  of  'G .  MV  acting  in  <0 
is  then  completely  reducible.  The  non-zero  eigenvalues  of  Ad  V, 
considered  as  linear  forms  on  V,  are  called  the  roots  of  the 
Lie  c^gebra.  Let  r  =  dim  V.  (r  is  the  rank  of  the  Lie  alge¬ 
bra  '6).  A  set  Xj,...,Ar  of  roots  is  said  to  define  a  simple 
root  system  if  the  following  conditions  are  satisfied: 

Each  root  A  can  be  written  as  a  linear  combination 
of  the  A^,...,Ar  with  coefficients  which  are  inte¬ 
gers,  and  which  are  simultaneously  all  non-negative 
or  non-positive.  -Aj,...,-A  are  roots. 

That  such  simple  root  systems  exist,  and  serve  to  determine 
the  isomorphism  class  of  the  Lie  algebra,  is  a  well-known  fact 
of  Lie  algebra  theory. 

Fix  such  a  simple  root  system.  Let  (A^),  i  *  l,...,r  be 
a  collection  of  root  elelemtns,  i.e.  vectors  of  G  such  that 

[A,A.j ]  =  A.|(A)A^(no  summation) 

for  all  A  €  <G  . 

(It  is  known  from  Lie  algebra  theory  that  there  is,  up  to  a 
constant  multiple,  just  one  such  root  vector.) 

Since  A^  -  A j  Is  not  a  root,  for  1  f  j,  we  have: 
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[A1  ,A(]  *  0  for  1  f  .1  . 

Similarly,  let  A_1  be  a  chain  of  root  vectors  for  the  root 
-Xj.  We  then  have 

[A_rA.j]  -0  1  f  j  . 


• A_i ]  €  v 

Thus,  If  we  let  0  +  (0g)  be  the  linear  subspace  spanned  by 
the  A^A^).  and  let  0°  be  V,  we  see  that  (V° ,r/ ,<s‘) 
forms  a  Jacobi  triple. 

So  far  <0  has  been  a  complex  Lie  algebra.  We  can  form  a  real 
subalgebra  W  as  the  Lie  subalgebra  generated  by  the  A^.A^. 
(0®,®+,0")  forms  a  Jacobi  triple  in  T,' . 

9.  EULER-ARNOLD  VECTOR  FIELDS  WHICH  ARE  TANGENT  TO  THE  JACOBI 
SUBSPACES.  Let  0  be  a  real  Lie  algebra  and  let  (®  +  ,0',0°) 
be  a  Jacobi  triple  of  linear  subspaces.  Let  ,'/  be  the  associ¬ 
ated  Jacobi  subspace  of  ®.  Let  B:  55  -*'6  be  a  map,  and  set: 

V ( A)  ■  [B(A),A]  for  A  €0 

Consider  V  as  a  vector  field  on  0  .  We  ask: 

When  is  V  tangent  to  the  linear  subspace  ,/? 

To  answer  this  question,  suppose  that  B  *  B+  +  B°  +  B',  where 

B+’”'°(e/)  c 

If  A  *  A+  +  A'  +  A0  €  $ ,  then 

••:^V(A)  -  [B+(A)  +B°(A)  +B"(A),  A+  +  A°  +  A0] 

•  * 

Let  us  now  suppose  that  the  following  conditions  are  satisfied: 


[B+(A),A+]  »  0 
[B'(A),A*]  «  0 


s 


TOO A  LATTICES 


203 


THEOREM  9.1.  Tf  aona'it iono  9.1  arc  (satisfied ,  then  the  F.ulcr- 
Amotd  vector  field  V ( A)  =  [8(A) , A]  to  tangent  to  the  dcu'ohi 
euhopaae  tf. 

Proof.  Condition  9.1  implies  that  V((/)  c  which  is  the 
condition  that  tf  he  tangent  to 

10.  JACOBI  TRIPLES  DEFINED  BY  AUTOMORPHISMS  OF  LIE  ALGEBRAS. 
Following  a  suggestion  by  Victor  Kac  (private  communication),  we 
shall  now  show  how  Jacobi  triples  may  be  defined  by  automorphisms 
of  Lie  algebras.  Let  W  be  a  finite  dimensional  Lie  algebra, 
with  the  complex  numbers  as  field  of  scalars.  Let  a:  T,  -*  VS  he 
an  automorphism  of  this  Lie  algebra.  Let  X  €  C  be  an  eigen¬ 
value  of  o.  Set: 

■  {A  €  ff  :o(A)  =  A} 

•/S*  =  {A  C  'S  :o(A)  =  XA} 

=  {A  €  V  :o( A)  =  X^A) 

These  three  subspaces  ( '.<7°,  #’)  then  define  a  Jacobi 

triple.  This  way  of  defining  Jacobi  triples  is  especially  natu¬ 
ral  because  automorphisms  are  classifiable  if  '/!  is  a  semisimple 
Lie  algebra.  The  case  where  the  automorphism  is  of  finite  order 
would  be  of  particular  interest  since  Kac  has  classified  them. 

(See  Section  5,  Chapter  X  of  [20].  It  is  also  shown  in  this 
reference  how  such  automorphisms  are  related  to  graded  structures 
on  Lie  algebras.) 

As  an  illustration  let  us  construct  the  automorphism  which 
gives  rise  to  the  classical  Jacobi  matrices.  Let  V  be  a  finite 
dimensional  complex  vector  space.  Let 

V  ■  V.  +  . . .  +  Vn 
1  n 

be  a  direct  sum  decomposition  of  V  as  a  direct  sum  of  linear 
subspaces.  Let  X  be  a  primitive  n-th  root  of  unity,  i.e. 

Xn  *  1,  but  Aj  /  1  for  j  =  2,...,n-l  . 


Set 
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o(v) 


AJv 


for  v  €  Vj, 


j  "  1 »....,  n  • 


Let  <(i  be  L(  V  ,V) ,  the  Lie  algebra  of  all  linear  naps :  V  -*  V. 
a  defines  a  linear  map  (also  denoted  as  0  oi  '.0  -*  •/}  . 

o( A)  =  oAo'^  for  A  £  1 fi 


®°  ■  {A  £  IS  :o(A)  »  A) 

«+  ■  {A  €  'Q  :o( A)  *  ,'A) 

*  {A  €  15  :o(A)  =  X_1  Al  . 


We  see  that 

»°(V.)  <=  «,  for  j  ■  1 . n  . 

=  Vl 


These  relations  imply  that  iff*  8°  +  iff*  +  iff’  is  a  linear 
subspace  of  ®  which  Is  represented  by  Jacobi  matrices  in  the 
classical  sense,  when  a  basis  is  chosen  for  V  consisting  of 
elements  In  the  subspaces  Vj. 


11.  FLASCHKA  MAPS  CONSTRUCTED  FROM  JACOBI  TRIPLES.  Suppose 
now  that  <8  is  a  reductive  Lie  algebra.  Notice  that  the  Euler- 
Arnold  objects  differ  from  the  Flaschkan  objects  only  in  that  the 
values  of  the  former  type  of  map  do  not  necessarily  lie  in  the 
appropriate  orthogonal  complement.  In  this  section  we  shall  see 
what  sort  of  compatibility  condition  between  the  graded  struc¬ 
tures,  and  the  AdG-invariant  symmetric  bilinear  form  -*  R 

•A 

must  be  imposed  in  order  to  assure  that  the  Flaschka  conditions 
are  to  be  satisfied. 

Suppose  that  is  a  Jacobi  triple  of  linear  sub¬ 

spaces  of  the  Lie  algebra  ®.  In  addition,  lot  us  suppose  that 
T:  <8-*'G  is  a  linear  map  such  that  the  following  condition  is 
satisfied: 


tat&mm 
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T[ArA2])  •  [T(A2),T(A1)3 

(11.1) 

aB(T(A1),T(A2))  ■  <»( A -j »A2) 

(11.2) 

for  A, ,A2  C  *  • 

T (T{ A) )  B  A  for  A  €  » 

013) 

REMARK.  Notice  that,  If  <0  is  a  Lie  o-a*-- 
then  T(A)  -  transpose  of  A  as  a  matrix,  will  have  these  prop 

"‘["'us  sow  suppose  that  the  MM  triple,  the  T-cperatlon  .rt 
the  form  a  satisfy  the  following  conditions: 


TU*)  -  /+ 

T(/)  «  / 
1  0 


(11.4) 

(11.5) 

(11.6) 
(11.7) 


Let  us  now  define  the  linear  subspace  /  of  0  as  the  set  of 
all  elements  of  «  of  the  following  form: 


j  .  j-  ♦  J°  ♦T(J").  (11'8) 

,0  ...  arhi trarv  elements  of  /’./•  Define  the 


where  J*,  J°  are  arbitrary  elements  of  •  Def1ne  the 

linear  map  B:  /  -  *  by  the  following  formula: 

B(J)  -  J"  -  T(J')  °1,9) 

THEOREM  11.1.  "w f ‘  <lrl'iw!']  hU  t,,rnruln  11,9  ‘  .  d, 

.  ,•  the  following  condition a  arc.  oatiaj  -ed. 

Flaeohka property,  t.a.  the  J^uow  d 

[B(J),J]€/,  and 

B(J)  €  f  • 

for  JtJr  .  mi  *m>  jr*  * 

with  reaped  to  the  form  • 
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The  proof  of  these  statements  Is  now  an  easy  consequence  of 

our  assumptions. 


12.  CONCLUSIONS.  We  have  Introduced  a  different  geometric 
way  of  constructing  the  ordinary  differential  equations  models 
which  generalize  the  Toda  Lattice,  and  which  might,  be  candidates 
fur  "Ifittgralilfc  '  or  "partially  intc-grar/it  s ysu-r.s.  Ir.sttoO  of 

starting  off  with  a  Lie  group  given,  as  in  the  previous  work,  we 
have  begun  at  one  stage  more  general,  with  an  "absolute  parallel¬ 
ism."  In  the  case  where  this  parallelism  does  come  from  a  Lie 
group,  we  have  codified  some  of  the  algebraic  conditions  which 
seem  to  be  involved.  There  Is  also  potential  for  extension  to 
the  field-theoretic  situations  by  means  of  generalizations  to 
infinite  dimensional  manifolds,  groups  and  Lie  algebras. 
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